Abstract. The effects of composite motion involving action of torsion and axial moment on the vibrating element on characteristics of a new cantilever-type nonlinear electromagnetic vibration energy harvester are analyzed. The systems with softening and hardening action of the magnetic force are analyzed. The impact of the phenomenon on electromagnetic quantities of the system is investigated using the 2d analytical and 3d numerical models. The simulated and measured frequency-response characteristics show noticeable differences when the phenomenon is taken into account.
Introduction
The nonlinear vibration energy harvesters attract attention due to potential to widen the frequency bandwidth at varying conditions [1] [2] [3] [4] . In the electromagnetic harvesters the nonlinearity is brought by action of magnets on a core [3] or on other magnets [5, 6] . To overcome some limitations of these configurations a microgenerator with a coreless magnetic circuit, depicted in Fig. 1a , was proposed by authors [6] . Generally, in this type of harvesters it is sufficient to represent the kinematics by one degree of freedom [1] [2] [3] 5] . This is not the case for the system considered here, in which the angle Θ, between the normal to the beam mid-surface and y axis, that varies with relative displacement ζ (see Fig. 1b and c), affects the electromagnetic quantities of the microgenerator. The complex motion of "grey magnets", illustrated in Fig. 1d , includes torsion due to which they are exposed to action of the axial magnetic moment m z . The beam theory [7] implies Θ ∝ ζ, though the moment m z brings additional nonlinear effects.
The considered system is capable to switch the magnetic stiffness between hardening (Fig. 1b) and softening ( Fig. 1c) action by reversing the magnetization sense of the stationary magnets. The two separate structures are distinguished in this way for which, depending on the magnetization sense, the axial magnetic moment attempts to straighten or to buckle the beam. Clearly, if ζ = 0, then m z = 0, though as far as the magnetic system in Fig. 1b is locally stable, the latter is locally unstable around the origin. The above suggests that the effects of complex motion on characteristics of these two systems will be different. 
Mathematical models and results

Electromagnetic quantities
The harvesters in Fig. 1b and c are considered as the two structures, which will be referred to as HS (hardening, stable around ζ = 0) and SU (softening, unstable around ζ = 0), respectively. Starting from the basic considerations, if the complex motion is ignored, the electromagnetic quantities can be calculated analytically by solving the Ampère equation
on the yz plane in Fig. 2 , with A being the magnetic vector potential, µ 0 the vacuum permeability and J µ the magnetization current. The latter was modeled using the current shell J µ = ± 0.5 H c /ϕ prescribed at edges of permanent-magnets parallel to z axis, where H c is the coercivity field, and ϕ a small positive variation of ordinate. The expressions derived from solution of Eq. (1) that describe the magnetic force and the flux linkage are, respectively
where
x g is the abscissa of center of an air-gap, L x length of system along x axis, n t the number of turns, S c the cross-section area of coil shown in Fig. 2 , respectively. Impact of complex motion on the electromagnetic quantities of was taken into account using a 3d finite element model for magnetic field calculations [8] . The specifications of modeled systems are given in Table 1 .
In computations the motion was approximated assuming that the barycenter of "grey magnets" moves along a circle with radius equal to the beam length, as they rotate around the barycenter about the angle Θ. The variations presented in Fig. 4 are for the SU system. For the HS system the variations in Fig. 4b and c are multiplied by −1. Figure 5 compares variations of magnetic force and flux linkage with and without complex motion accounted for. As one can observe, the variations of quantities due to angle Θ are significant. It is also worth noticing that the analytical formulas provide close predictions, even though the system has relatively short length along x axis.
Frequency-response characteristics
Assessment of the impact of complex motion on the frequency response characteristics was carried out via solution of equations derived from the Timoshenko beam theory [7] , considering the electromagnetic coupling
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where ρ, A, E, G, D, I are the beam density, the area of cross-section, the Young and shear moduli, damping coefficient, moment of inertia, f ext the external force, −m a g the gravity force on moving magnets mass m a ; δ = 1 at the beam free end, and δ = 0 elsewhere; i, L c , R c , R 0 are current, coil inductance, and coils and load resistance, respectively. The parameters used in simulations are given in Table 2 . The characteristics were determined via time-domain solution of Eqs (9)-(11) using a chirp signal with a constant magnitude and a linear frequency sweep for f ext . Using this approach the beam springs were designed taking the strength and global stability into account, but using the quantities described by Eqs (2) and (3), which clearly ignore the complex motion. The stability was assessed by analysis of spectra of the responses and estimation of the Lyapunov exponents [5] for their crucial parts. As a result, the beam sprigs with dimensions 65 × 1.1 × 16 mm, and 60 × 2.2 × 16.5 mm, were designed for the HS and SU system, respectively. Their corresponding natural frequencies are f HSnat = 12.3 Hz and f SUnat = 32.3 Hz.
In the next step the characteristics were determined using the variations in Fig. 4 in Eqs (9)-(11). In order to validate the results the models were put under measurements on the laboratory test-stand (see Fig. 6 ). The simulated and measured characteristics for various loading conditions are presented in Fig. 7 .
Discussion of results
The most important observations involving the results obtained for the two systems considered are, as follows.
For the HS harvester in Fig. 7a negligence of complex motion causes overestimation of generated voltage for all loading conditions. With the complex motion accounted for the results of simulation closely match the measurements except the no-load envelope which exposes more complex behavior in measurements between 15 Hz and 20 Hz. This however, can be easily explained by action of large harmonics in the experimental force waveform due to impact of the inertia force on the electromagnetic shaker. The results of additional simulations carried out for physically infeasible magnitudes of external force approaching to 0.5 N, which are not illustrated here, show that system with complex motion operating at no-load falls into chaotic operation around 18 Hz, whilst its simple-motion counterpart remains stable.
For the SU harvester in Fig. 7b negligence of complex motion also causes overestimation of simulated voltage. Simulations for larger and even physically infeasible magnitudes of external force, which are not illustrated here, exposed jump at frequency lower by some 2.2 Hz for the system with complex motion operating at no-load, although both were stable.
Conclusion
The investigation shows the need to account for the complex motion in a more accurate designing of the considered systems. The latter regards especially the HS-type system which exposes restricted stability and higher sensitivity to variations in conditions of operation than the SU-type one. Understanding S142 M. Jagiela and M. Kulik / Action of torsion and axial moment in a new energy harvester these features is crucial from the viewpoint of development of a new type of wideband harvester integrating the HS and SU harvesters in a single system which will be presented in our future work.
